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Abstract 

In this paper different types of ranks of fuzzy matrices will be considered, as well as the relation between 
ranks of regular and idempotent fuzzy matrices. It will be proved that the row rank, the column rank and 
the Schein rank of regular fuzzy matrices over semirings are equal. 

In particular, when dealing with fuzzy matrices over complete residuated lattices, ranks of fuzzy 
matrices representing fuzzy quasi-orders will be studied in detail. It will be shown that fuzzy matrix 
decomposition by ranks can be used in a state reduction of fuzzy automata. Moreover, it will be proved 
that using rank decomposition of fuzzy matrices improves results of any known state reduction method 
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1. Introduction 

2. Preliminaries 

Throughout this paper semirings and complete residuated lattices will be used as structures 
of membership values. 

2.1. Semirings and complete residuated lattices 

A semiring is a structure - (S, +, ■, 0, 1) consisting of a set S, two binary operations + and • 
on S, and two constants 0, 1 £ S such that the following is true: 

(i) (S, +, 0) is a commutative monoid, 

(ii) (S, •, 1) is a monoid, 

(iii) the distributivity laws (a + b) ■ c - a- c + b ■ c and c-(a + b) - c-a + c-b hold for every a, b, c e S, 

(iv) 0 • a = a ■ 0 = 0, for every a e S. 

We call a semiring 5? a comutative semiring if a multiplication • is commutatice operation. A 
semiring y is an additively idempotent semiring if, in addition to (i)-(iv), it satisfies the condition 

(v) a + a - a, for every a € S. 

A residuated lattice is an algebra Jf = (L, A, V, ®, — >, 0, 1) such that 
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(LI) (L, A, V, 0, 1) is a lattice with the least element 0 and the greatest element 1, 
(L2) (L, <g>, 1) is a commutative monoid with the unit 1, 

(L3) <g> and — » form an adjoint pair, i.e., they satisfy the adjunction property: for all x, y, z e L, 



If, in addition, (L, A, V, 0, 1) is a complete lattice, then Jzf is called a complete residuated lattice. 

The operations (8 (called multiplication) and — » (called residuum) are intended for modeling 
the conjunction and implication of the corresponding logical calculus, and supremum (V) and 
infimum (/\) are intended for modeling of the existential and general quantifier, respectively. It is 
easy to verify that if Jzf = (L, A, V, ®, — >, 0, 1) is a residuted lattice then (L, V, ®, 0, 1) is a commutative, 
additively idempotent semiring. For other properties of complete residuated lattices one can refer 



The most studied and applied examples of complete residuated lattices, defined on the real 
unit interval [0,1] with x A y - min(x, y) and x V y = max(x, y), are the Lukasiewicz structure 
(x <g> y - max(x + y - 1, 0), x —* y = min(l - x + y, 1)), the Goguen (product) structure (x <E> y = x ■ y, 
x— >y = lifx<y and = y/x otherwise) and the Godel structure (x <8> y = min(x, y), x — > y = 1 
if x < y and = y otherwise). More generally, an algebra ([0, 1], A, V, <S>, — >, 0, 1) is a complete 
residuated lattice if and only if ® is a left-continuous t-norm and the residuum is defined by 
x — > y = V( M £ [0/ 1] I u ® x ^ yl- A special case of the latter algebras is the two-element Boolean 
algebra of classical logic with the support {0, 1}. The only adjoint pair on the two-element Boolean 
algebra consists of the classical conjunction and implication operations. This structure of truth 
values we call the Boolean structure. 

2.2. Matrices over semirings and over complete residuated lattices 

Let A be a matrix. The entry (or the element) in the i th row and j th column of A will be denoted 
as fly. A fuzzy matrix is a matrix which all entries belong to some semiring or to some complete 
residuated lattice. For the sake of simplicity, in this paper fuzzy matrices will be called matrices. 
However, if the emphasizing is necessary, a matrix which all entries belong to a semiring y will 
be called a matrix over a semiring y ', and if y is a complete residuated lattice then a matrix will be 
called a matrix over a complete residuated lattice 5? . 

Let y = (S, +, •, 0, 1) be a semiring and let A be a matrix. A matrix A having all elements 
equal to 0 will be called a zero matrix, and will be denoted as A = 0. The equality of matrices 
A and B of the same size mXfiis defined as usual, i.e. A = B if and only if a,-y = for every 
i € {1, 2, ... , m), j e {1, 2, ... , n). The transpose of an m x n fuzzy matrix A is a matrix A T of type 
n x m defined by a T . - an, for every i e {1,2, ... ,n), j e {1,2, ... ,m). A matrix A is symmetric if 

A — A T . For matrices A and B of the size mxn and an arbitrary A € S, matrices C — A + B and 
D = AA are mxn matrices defined by 

Cij - aij + bij, dij = A • fly, (2) 

for every i e {1,2, ... ,m\, j e {1,2, ... ,n\. 

For a matrix A of a type mxn and a matrix £>, of a type nxk, their product is an m x matrix 
denoted by A o £> and if C = A o £>, then cu is defined by 



x<8>y<z o x<y— >z. 



(1) 



to [1, 7\. 



n 




(3) 
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for every i e {1,2, ... ,n), j e {1,2, . . . ,m). If C = A o B, matrices A and B will be called factors 
of a matrix C, and a pair of matrices (A, B) will be called a decomposition or a factorization of C. 
A decomposition (£>, C) of A, where £> is an m x fc matrix and C is a k x n matrix, is called a 
k-decomposition of a matrix A. For a given n e N, the identity matrix I n is an n x n matrix which 
elements dij are defined as 

d.A 1 * i=i . (4) 

I 0 otherwise 

for every i e {1,2,..., m}, j e {1,2,..., n}. For every matrix A of the type mxn, and the identity 
matrices I m and l„, the following stands I m o A = A o I n = A. 

By V mxn let us denote the set of all m x n matrices over a semiring 5? . The set of all 1 x n 
matrices will be denoted as V„, and its elements will be called row vectors. The isomorphic set of 
n x 1 matrices is called the set of column vectors, and denoted V n . For any result about V n , there 
exists a corresponding result about V n . A matrix A is called a sector if A is either a row of column 
vector. A linear combination of row vectors a,-, z 6 {1, 2, ... , m} is a row vector b - YJlli M a i, where 
Aj € S, for every ie {1,2,..., m\, i.e. 

b = A o A, (5) 

where A = (Ai,A2,. . ■ ,A m ), and A is a matrix of a type mxn which rows are row vectors a,-, 
i € {1,2, ... ,m}. Dually a linear combination of column vectors a,-,z € {1,2, ... ,m} is a column 
vector b = J^^i A,flj, where A ; € S, for every i € {1,2, ... , n}, or equivalently 

fc = A o A, (6) 

where A = (Ai, A2, • • • , A m ) T , and a matrix A is of type nxm and its columns are columns vectors 
fl„ z e [1,2,..., m). For the set K of row (column) vectors, set of all linear combinations of vectors 
of R is called a span of a set of vectors R, denoted < R >. If < R >- W then R is called a spanning 
set for W. 

The row space M{A) of an m x n matrix A is the span of the set of all rows of a matrix A. The 
row rank p T (A) is the smallest possible size of a spanning set for the row space. A column space 
^(A) and a column rank p c (A) are defined in a dual fashion. The rank of a nonzero matrix A, 
denoted p(A), is the least integer k such that there exists a ^-decomposition of a matrix A. The rank 
of a zero matrix is equal to 0. Note that not only in Boolean matrix theory, but also in a theory of 
fuzzy matrices [4, 6, 15], the above defined number p(A) is known as Schein rank of a matrix. In 
addition, in [9], the number p(A) is called the fuzzy rank of A. Denote as d t (A) the cardinality of 
the set Row(A) of all rows of a matrix A, and as d c (A) the cardinality of the set Col(A) of all columns 
of A, ie. d T (A) - \Row(A)\ and d c - \Col(A)\. It is easy to verify that for every matrix A the following 
stands: 

p(A) < p r (A) < d r {A) and p(A) < p c (A) < d c (A) (7) 

A matrix A is rank-1 matrix if p(A) = 1. The following well-known result is proved in [15] for 
matrices over comutative semiring and in [8] for arbitrary semirings. 

Lemma 2.1. The rank of a nonzero matrix A is the minimum number of rank-1 matrices which supremum 
is equal to A. 
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In the sequal, the following Proposition 2.4 of [15] will be usefull. 



Lemma 2.2. For arbitrary matrices A, B, the following statements hold: 

(i) M(B) c ffl(A) if and only if there exists a matrix X such that B - X o A. 

(ii) ^(B) c ^(A) if and only if there exists a matrix Y such that B - A o Y. 

Let us note that the previous lemma, although proved for matrices over commutative semir- 
ings, stands also for matrices over arbitrary semirings. 

In case that A and B are matrices over a complete residuated lattice, all prior definitions remain 
the same except that the semiring addition (+ ) is replaced with the lattice operation (V) and the 
semiring multiplication (•) is replaced with lattice multiplication (<g>). Further, if matrices A and B 
are over some complete residuated lattice one can define the inclusion A < B as: A < B if and only 
if Uij < bjj, for every i e {1, 2, ... , m], j € {1,2, ... , n). In that case, product of matrices is isotone in 
both arguments, i.e. it is satisfied 

A<B ^ AoC^BoC (8) 
A<B ^ CoA^CoB (9) 

for arbitrary matrices A, B, C of compatible sizes. Moreover, pair of matrices (A, B) is called a 
subdecomposition or a subfactorization of a fuzzy matrix C if A o B < C. The supremum (join) \/ ae j A a 
of an arbitrary family {A a } ae j of matrices of a type m x n is a fuzzy matrix B of the same type 
defined by 

ael 

Moreover, 

Bo( yA fl ) = \/BoA a and ( \/ A a ) o C = \/ A" o C (10) 

ael ael ael ael 

is satisfied for arbitrary matrices B and C of an appropriate size. 



3. Ranks of idempotent and regular matrices 

In this section we will give some basic properties of ranks of matrices over semirings, their 
further characterisations, and certain conditions under which ranks of matrices over semirings 
are equal, etc. Ultimately, ranks of regular and idempotent fuzzy matrices are investigated. The 
following result deals with the equality of ranks of fuzzy matrices: 

Lemma 3.1. For arbitrary matrices A, B, the following statements hold: 

(i) If a matrix A is a factor of a matrix B, and B is a factor of A then p(A) = p(B). 

(ii) 3$ (A) = @(B) if and only if there exist X, Y such that B = X o A and A-YoB. 

(iii) &{A) = &{B) then p r (A) = p r (B) and p(A) = p(B). 

(iv) ^(A) = ^(B) if and only if there exist X, Y such that B = A o X and A-BoY. 

(v) (A) = <*?(B) then p c (A) = p c (B) and p(A) = p(B). 
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Proof, (i) Let A be a factor of a matrix B, and let B is a factor of A. Then, there exist matrices C and 
D, of an adequate size, such that A — B o C and B — A o D. If p(A) = k then there exists (A', A"), a 
^-decomposition of a matrix A. Now, we have: 

B=AoD=(A'o A") o D - A' o (A" o D). 

Since the number of columns of a matrix A' and a number of rows of A" o D is equal to ft:, by the 
definition of rank of matrices we conclude p(B)p(A). Similarly, we can prove that p(A) < p(B), and 
therefore p(A) = p(B). Note here that for all other cases when A is a factor of B is a factor of A, the 
fact that p(A) = p(B) can be proved analogously. 

(ii) is the immediate consequence of Lemma 2.2. 

(iii) Yi£%{A) = M(B) then those spaces have the same spanning set and thus p T (A) = p r (B). Further, 
by (ii) of the lemma we have that A is a factor of B and B is a factor of A which, by (i) yields 
p(A) = p(B). 

The proofs of the statements (iv) and (v) can be deduce in a dual fashion as proofs for (ii) and 
(iii). □ 

The next result characterizes column and row ranks of matrices, and claims the existence of 
ft-decomposition of an arbitrary matrix where ft is either its column or its row rank. 

Theorem 3.2. For an arbitrary matrix A e V mxn , the following stand: 

(i) p r (A) = k if and only ifk is the least integer such that there exist anmxk matrix B, akxn matrix 
C, and akxm matrix D for which is 

A = B o C and C = D o A. 

(ii) p c (A) = ft if and only ifk is the least integer such that there exist anmxk matrix B,akxn matrix 
C, and anxk matrix D for which is 

A - B o C and B = A o D. 

(iii) If p(A) = ft, and (B, C) is a k-decomposition of a matrix A then 

p(B) = p(C) = k and p c (B) = p r (C) = ft. 

Proof, (i) For an arbitrary finite spanning set R for M(A), let ft be the number of its elements, and 
let C be a k x n matrix which rows are row vectors from S. Since M{C) = M{A), by Lemma 3.1 we 
have that A = B o C and C = D o A, for some matrices B and D. Now, by the previous observation, 
if p r (A) = k, then a minimal spanning set R for £%{A) has k elements if and only if ft: is a minimal 
integer such that A = B o C and C = D o A for some mxk matrix B, akxn matrix C, and akxm 
matrix D. 

(ii) Can be deduced dually to (i). 

(iii) Let p(A) = ft, and let A = B o C for an m x ft matrix £> and akxn matrix C. Obviously p(B) < ft. 
Thus suppose p(B) -k! < ft. Then, B = £>' o B", for some matrix B' of type m X ft' and some matrix 
B" of the size k! x n. From the previous we obtain A = B' o (B" o C), which lead to the contradiction 
p(A) < ft' < ft. Thus p(B) = ft. 

Now, since p c (B) is less or equal to ft, which is the number of columns of B, and since from (7) 
we have p(B) < p c (B) = ft: it stands p c (B) = ft. In a similar way one can prove that p(C) = p r (C) = ft. 
□ 
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As a consequence, we have the following result: 



Theorem 3.3. If A is an arbitrary matrix and k e {p(A), p r (A), p c (A),d r (A),d c (A)} then there exists a 
k-decomposition of a matrix A. 

Proof. For a given matrix A there exists a p(A)-decomposition of a matrix A by the definition of 
a rank of matrices. If k e {p r (A),p c (A)} the existance of /c-decomposition of A is an immediate 
consequence of the previous theorem. 

Let mxnbe the size of a matrix A. Let In be a maximal subset of {1,2, ... ,n} such that for every 
i, j e In if i + j then the i th column of A is different from the f h column of a matrix A. Obviously 
\In\ = d c (A). Let A' be am x d c (A) matrix obtained from A by deleting every f h row from A, where 
j e {1,2, . . .,n} \ In. Since every column of a matrix A is a linear combination of columns of a 
matrix A' we have that 

A' oB - A, 

for a some matrix B, and thus (A', B) is a d c -decomposition of A. The 
The existence of a d r (A)-decomposition of A can be proved similarly. 



A matrix A € V mxm is idempotent if A 2 = A. Idempotent matrices are going to play an outstand- 
ing role in this section, especially in studying ranks of regular matrices. Namely, we have the 
following 

Theorem 3.4. Let A be an arbitrary idempotent matrix. Then 



Proof. Let A be a matrix of type mxm, p(A) = k, and let A = B o C, where B i an m x k and C is a 
kxm matrix. Put £>' = A o B and C = C x A. First we have the followung: 

B' o C = (A o B) o (C o A) = A o (B o C) o A = A 3 = A. 

By (iii) of Theorem 3.2 we have p(B') = p c (B') = p(A). Further, since A o B' = B', by (iv) and (v) 
of Lemma 3.1, along with previous observation, we have p c (A) = p c (B'), and thus p c (A) = p(A). 
Similarly, we prove p r (A) = p(A). □ 

A matrix A € V mx « is called a regular matrix if there exists a matrix X € V nxm , satisfying 
A o X o A — A. Regular fuzzy matrices are generalisations of invertible fuzzy matrices and are 
widely studied in tha past. In [15], an algorithm for a fuzzy matrix to be regular is given. In 
[9], the solution of a fuzzy matrix equation x o A - b, where x is an unknown vector, b is a given 
vector and A is a given regular matrix, has been discussed. Regular fuzzy matrices also play an 
important role in estimation and inverse problem in fuzzy relational equations [16], and in fuzzy 
optimization problems [18]. Finally, we are ready for the main result of this section: 

Theorem 3.5. Let A be an arbitrary regular matrix. Then 



□ 



p(A) = p c (A) = p r (A). 



(11) 



p(A) = p c (A) = p r (A). 



(12) 
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Proof. Let A - A o X o A, and denote E - AoX and F - XoA. Both E and F are idempotent matrices 
since 

E 2 = (A o X) o (A o X) = (A o X o A) o X = A o X = E, and similarly F 2 = F. 

Further, from E = A o X and A = E o A, by Theorem 3.2 we have p c (A) = p c (E) and p(A) = p(E). 
From the previous theorem we have also p c (E) = p(E), which implies p(A) = p c (A). Similarly 
using an idempotent matrix F we prove p(A) = p r (A). Consequently p(A) = p c (A) = p r (A). □ 

Let us note here that Theorem 3.5 is a generalisation of Theorem 2.3 in [9] proved for regular 
matrices over a Godel structure. Similar, but less general result to Theorem 3.5 is Theorem 3.10 
in [15] that claims the equality of only row and column ranks of matrices over commutative 
semirings. 

4. Ranks of matrices representing fuzzy quasi-orders 

In this section and in the next one we will observe matrices over complete residuated lattices. 
A square matrix Q € V mxm is a matrix representing fuzzy quasi-order relation, or simply a fuzzy 
quasi-order matrix if 

Q 2 <Q and I m <Q, (13) 

where l m is the mxm identity matrix. It is easy to prove that a fuzzy quasi-order matrix Q is an 
idempotent matrix, and therefore p(Q) = pi(Q) = p r (Q)- For an mxm fuzzy quasi-order matrix Q, 
denote as z'Q the lxm matrix equal to the i th row of Q and as Qj the m x 1 matrix equal to the f h 
column of Q. Obviously, iQ is a row vector and Qi is a column vector defined by: 

(z'Q); = q { j and (Qz') ; - = qp 

for every i,j e {1,2, ... ,m}. One of the basic properties of fuzzy quasi-order matrices will be the 
following: 

iQ = iQ » Qi = Qi qij = qji = l, (14) 

for every i, j e {1, 2, ... , m), which implies d T (Q) - d c (Q). For the sake of simplicity the number 
dr(Q) - d c (Q) will be denoted d(Q). For other properties of fuzzy quasi-order matrices refer to [20]. 
Let us continue with the following: 

Lemma 4.1. For an mx m fuzzy quasi-order matrix Q there exist a decomposition (Q 1 , Q r ), where Q 1 is 
anmx d(Q), and Q r is a d(Q) x m matrix. 

Proof. Let In be a maximal subset of the set z € {1, 2, ... , m] satisfying z ± j => z'Q + jQ. Obviously, 
d(Q) is the cardinality of In. Since Q is an idempotent matrix, by (14) we have the following: 

m m 

mj = V i& ® % = V (Qfc)i ' 0 m > = V 0 = V qik ® 

for every z, e {1,2, ... ,m}. Let Q 1 be an m x d(Q) matrix which columns are Qz (z € In), and let Q r 
be a d(Q) x m matrix which rows are z'Q (z 6 In), obtained in a following way: Qz is a k th column of 
Q 1 if and only z'Q is a /c t,! row of Q r . From the previous we have Q = Q 1 ° Q r . □ 
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Although the previous lemma is a consequence of Theorem 3.3, we have proved it just in order 
to show how a d(Q)-decompostion (Q 1 , Q r ) of a fuzzy quasi-order matrix Q can be computed. 
Further, let us recall that by (7) for a fuzzy quasi-order matrix Q stands p(Q) < d(Q). Next example 
shows that for some fuzzy quasi-order matrices their rank is strictly less d(Q). 

Example 4.2. Let L be an arbitrary finite set and let P(L) be the powerset of L and let ££ be an algebra 
Jz? = (P(L), n, U, n, — >, 0, P), where the operation — > is defined by: X— >Y = L\(X\ Y), for every 
X, Y e P(L). It is easy to check that an algebra Jzf is a complete residuated lattice. Let L = {x, y, z\ and let 
us denote 

0 = 0, l = {x}, 2 = {y), 3 = {z}, 4 = {x,y}, 5 = {x,z} 6 = \y,z\, 7 = {x,y,z}. 
For a fuzzy quasi-order matrix A over we have 



A = 



7 


5 


1 


3 




0 


7 n 
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6 
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5 
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7 
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3 













Therefore p(A) < 2 wMe d(A) = 4. 

Let A be an mxn matrix, and let k e N be arbitrary. Let us introduce operators Ra '■ V mxk — > V kxn/ 
and L/i : — > y mX fc in the following way: 

if = C and L A (Q) = P then c,- ; - = /\ b ki a kj and = /\ ^ -» (15) 

fc=i fc=i 

for arbitrary £> £ V mX fc/ and Q € 14 x ,j. It is easy to prove, using antitonicity in the firts argument of 
the —* operation, that both operators and Ra are antitonic. 

Operators Ra and La play a crucial role in solving linear and weakly linear systems of fuzzy 
relational equations and inequalities [12, 13, 14]. Namely, it is well-known that a matrix Ra(B) 
(resp. La(Q)) is the greatest solution to the linear matrix inequality 

B o X < A, (resp. X o Q < A), (16) 

where X is an unknown matrix. A subdecompositions (B', C) of a matrix A contains a subdecom- 
position (B, C) of A if B < B' and C < C. A subdecomposition (B, C) of a matrix A is maximal if 
for any subdecomposition (P, Q) of A that contains (B, C) must be £> = P and C = Q, i.e. if the 
following stands: 

B < P and C < Q => B = P and C = Q. 

A decomposition (B, C) of a matrix A is a maximal decomposition of A if (B, C) is a maximal subde- 
composition of A. The following result characterizes maximal subdecompositions: 

Lemma 4.3. A subdecomposition (B, C) o/fl matrix A is maximal if and only ifC - Ra(B) and B - La(C). 
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Proof. For a maximal subdecomposition (B, C) of a matrix A, by definition of La, and Ra, we have 
that (B, R,4 (£>)), and (L^(C), C) are also subdecompositions of A, and by (16) we have: 

C<R A (B), B<L A (C). 

Since (B, C) is maximal subdecomposition, we obtain B - L A (C) and C = Ra(B). 

Conversely let B = La(C) and C = Ra(B)- By definition of an operator La and (16), we have the 
following: 

B o C - L(C) oca, 

that is, (B, C) is a subdecomposition of A. Let (P, Q) be a subdecomposition of A such that B < P 
and C < Q. Since and R^ are antitonic operators we have: 

Q < R A (P) < Pm(B) = C and P < L A (Q) < L A (C) = B 

which yields Q = C and P = B. □ 

Let us recall that a maximal decompostion (B, C) a of a matrix A is, in case A = B o C is known 
also under the name optimal decomposition of A (cf. [3, 4]). It is also worth noting that maximal 
decompositions are also a generalisation of a notion of formal concepts (cf. [2, 3, 4, 5]), used in a 
formal concept analysis. Next results will be very useful in our further research: 

Theorem 4.4. For any subdecomposition (B, C) of a matrix A there exists a maximal subdecomposition 
(B', C) of A that contains (B, C). 

Proof. For a subdecomposition (B, C) of a matrix A, put C = Ra(B) and B' = La(C). By (16) we 
have: 

C < C, 6 o C' < A, and B < B', B'oC'< A. 

Therefore (B',C) is a subdecomposition of A and B < B',C < C. Further since B < B', by 
antitonity of an operator Ra and (16), we obtain Ra(B') < Ra(B) = C. On the other hand, 
B'oC <A implies C < R A (B'), which results in R A (B') = C . In conclusion, we have that (B', C) 
is a subdecomposition of A for which is: 

B' = L A (C), and R A (B') = C . 

Thus, by Lemma 4.4, (B', C) is a maximal subdecomposition of A. □ 

Note that the previous result stands also for matrices over residuated lattices and is a generali- 
sation of both Theorem 1. and Theorem 2. in [4]. From the proof of the previous theorem, one can 
also notice that for a decomposition (B, C) of a matrix A, a subdecomposition (La(Ra(B)),Pa(B)) 
of A is the maximal one that contains (B, C). In a similar manner, one can prove that a subdecom- 
position (La(C), Ra(La(C))) of a matrix A is also the maximal one that contains (B, C). Further, we 
have the following: 

Lemma 4.5. Let Q be a fuzzy quasi-order matrix, and let I be the identity matrix of an appropriate size. 
The following assertions hold: 
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(i) If (A, B) is a maximal subdecomposition ofQ then Q o A - A and B o Q = B. 

(ii) If {{A a , B a )} ae i is a family of maximal subdecompositions ofQ, then \J ae iA a o B a = Q if and only if 
'<V,,//V ! o /!<•'. 

Proof, (i) Let (A, B) be a maximal subdecomposition of Q. Then (Q o A, B o Q) is a subdecomposition 
of Q, since 

(Q o A) o (B o Q) = Q o (A o B) o Q < Q 3 = Q. 

However, by (8), (9) and the definition of fuzzy quasi order matrices, we have A-IoA^QoA 

and B = BoJ<BoQ, and therefore A = Q o A and B = B o Q. 

(ii) Suppose 7 < Vae/^" ° S a . Accordingly, by (10) and (i) of this lemma, we have 

Q = Q o J < Q o ( Y A a o B a ) = Y Q o A a o B a = Y A" o B a < Q 

ael ael ael 

The converse is obvious. □ 

Prior to give the final result of the section, let us give the following: 

Lemma 4.6. Let A - {a\,a2,..., a m ) T be a column vector and B = {b\,b2,..., b m ) be a row vector such 
that (A, B) is a maximal decomposition of an m x mfuzzi quasi-order matrix Q. Then, A - Qi and B = iQ 
if and only if a\ - bj - 1,/or every i e {1,2, ... ,m). 

Proof. Let aj = bj = 1, for some j e {1,2, ... ,m}. We have the following 

Oj = ai ®l = ai ®bj< qij = (Qj)i, 

for every i e {1,2, ... ,m), i.e. A < Qj. Let us note that the inequality marked with * follows from 
the fact that A o B < Q o aj<S>bj < qij, for every i, j e {1, 2, ... , m). On the other hand, from 
Lemma 4.5, we have Q o A - A and therefore 

(Q/)i = qij = qij ® 1 = qij ® «; = (Q ° ^)i < «i/ 

for every i € {1,2, . . . ,m\. From the previous we conclude the converse inequality Qj < A. Thus, 
A - Qj. Similarly, we prove B - jQ. 

If, A - Qi and B = iQ, for some i e {1, 2, ... , m}, then a, = (Qi), = ^„ = 1. Similarly, we obtain 
bi = l. □ 

Let (L, A, V, 0, 1) be a bounded lattice satisfying the condition: 

flVb = l => a = 1 or b = l, (17) 

for every a,b e L. Obviously, linearly ordered residuated lattices, such as those defined on the real 
unit interval [0, 1], satisfy the condition (17). The next result, which is the main in this section, 
gives a characterization of those lattices. 

Theorem 4.7. Let Jz? = (L, A, V, <g>, — >, 0, 1) be a complete residuated lattice. A bounded lattice (L, A, V, 0, 1) 
satisfies the condition (17) if and only if for every fuzzy quasi-order matrix Q over ££ stands p(Q) - d(Q). 
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Proof. Let Q be an m x m fuzzy quasi order matrix over a residuated lattice , and let a lattice 
(L, A, V, 0, 1) satisfies (17). Let p(Q) = k and denote J = {1,2,..., k}. By Lemma 2.1 and the fact that 
a rank-1 matrix is a product of a column and a row matrix, we have 



Q = \J A a oB a , 



a=\ 

where A a - (a", a",...,a^) and B a = b^,..., b%). We can, according to Theorem 4.4, assume 
that (A a , B a ) are maximal subdecomposition of Q, for all a el. 

Suppose a" < 1 or b" < 1 for some a € 7 and every z e {1,2, ... ,m}. That assumption and the 
fact that I m < VLi A<x ° B<x (Lemma 4.5), yield the following 

( \J flf <g> bf ) V (flf <g> b? ) = (fr = 1, where af <g> bf < 1, 

for every z 6 {1, 2, ... , m}, which by (17) implies V/3e/\{ a } fl f ® = 1/ f° r every z G {1, 2, ... , m}. In 
other words, according to a Lemma 4.5 we have Q = V^ei\l«l ^ ° ^ > anc ^ thus p(Q) < fc — 1, which 
contradicts our first assumption. In conclusion, for every ael there is an z e {1, 2, ... , m} such that 
a" - b" - 1, i.e. by Lemma 4.6, for every a e I there is an i e {1,2, ... ,m) such that A a = Qi and 
f> a = z'Q, that is, A a is a column and B a is a corresponding row of Q, for every a el. 

Let Qz be an arbitrary column of Q. Since qu - 1, by (17) we have that a" ®b" = 1, for some 
a el, that is, a® = bf = 1, for some a 6 L By Lemma 4.6, we conclude that A a = Qi and £> a = z'Q. 
Thus, the set {A a \a e 1} is the set of all columns of Q, and since its cardinality is k - p(Q) we have 
d(Q) = P (Q). 

Let us assume that (L, A, V, 0, 1) is a bounded lattices not satisfying (17). Then, there exist 
a,b 6 L, such that a V b = 1, and a, b < 1. A matrix 



Q = 



1 6 1 
zz 1 1 
a b 1 



is a fuzzy quasi-order matrix with d(Q) - 3. However, since 



Q 



l b' 
a l 

a b 



1 0 1 
0 1 1 



we conclude that p(Q) < 2. 
□ 



5. Applications in a state reduction of fuzzy automata 

Let ££ be a complete residuated lattice. A /zizzy automaton over Jzf, is defined as a five- 
tuple si - (A,X,5 a ,0 A ,t a ), where where A and X are the set of states and the input alphabet, 
5 A : AxXx A ^ Lis called the fuzzy transition function, o A € L A is the fuzzy set of initial states, 
and z A € L A is the fuzzy set of terminal states. The input alphabet X will be always finite, but for 
methodological reasons one usually allows the set of states A to be infinite. A fuzzy automaton 
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whose set of states is finite is called a fuzzy finite automaton. Since, in this paper, we deal with fuzzy 
finite automata, we will call them simply fuzzy automata. 

Let us denote the number of states a fuzzy automaton si - (A, X, b A , a A , x A ) as \si\. In case 
when si has m states i.e. \si\ - m, let us denote the set of states of si as A - {a\,ai, . . . , a m ). Let for 
any x e X, and any a\, bj e A define anrnxm matrix b A on A by 

{^) i j = d A (a i/ x / bj). (18) 

A matrix b x will be called the transition matrix determined by x. A fuzzy set of initial states o A and 
a fuzzy set of terminal states z A can be defined aslxm and anmxl matrices, defined by 

0 A = 0 A { ai ), T A = T A { ai ), (19) 

for every a, € A. 

A fuzzy language in X* over Jf, or briefly a fuzzy language, is any fuzzy subset of a free 
monoid X*, i.e., any mapping from X* into L. A fuzzy language recognized by a fuzzy automaton 
si = (A, X, 5 A , a A , t a ), denoted as \si\ is a fuzzy language in L x * defined by 

M( e ) = a A oT A , 

= ° A °b A l ob A 2 o...o b A n o t A , 

for any u = X\X2 ...x n e X + , where x\, X2,...,x n e X. Fuzzy automata si and 8$ are equivalent if 
they recognize the same fuzzy language. 

Let si - (A, X, b A , o A , x A ) be a fuzzy automaton with m states. Let L be an k x m matrix and R be 
m x k matrix, for an arbitrary k e N. An automaton 88 - (B, X, <5 B , o B , t b ) is an (L, R)-transformation 
of an automaton if it is defined by: 

5 B X = R o 5 A o L, 

a B = a A o L, (21) 

T B — R O Z A , 

and B - [bi, bi,..., b k } is its set of states. 

Theorem 5.1. Letsi - (A, X,5 a ,o a ,t a ) be a fuzzy automaton with m states and let SB - (B,X,5 B ,o B ,z B ) 
bean (L, R) -transformation of si for arbitrary k xm matrix Land mxkmatrixR, where k € N. Automata 
si and SB are equivalent if and only if a matrix Q-LoRisa solution to the system of matrix equations 



0 A o T A = 0 A O U O T A , 



(22) 



a A o b A o b A , o ■ ■ ■ o 5 A o T A = a A o U o 5 A o U o b A o U o ■ ■ ■ o U o 5 A o U o T A , 

for flllneN and x\, X2,...,x n e X, where U is an uknown mxm matrix,. 

Proof. The proof is evident and follows directly from (20) and (22). □ 
We will call (22) the general system. 

The basic idea of reducing the number of states of non-deterministic automata is to compute and 
to merge indistinguishable states and it resembles the minimization algorithm for deterministic 
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automata, but is more complicated. In the fuzzy case the indistinguishability is modeled by crisp 
equivalences [17, 19], in [10, 11] it was modeled by fuzzy equivalences, and in [19, 20] by fuzzy 
quasi-orders. It is proved that the state reduction by using fuzzy equivalences gives better results 
then the one done by using crisp equivalences. It is also proved that the best state reduction can be 
obtained by employing fuzzy quasi-orders. However, in all those cases matrices of fuzzy relations 
used in state reductions are fuzzy quasi-order matrices and are solutions to the general system 
(22). The state reduction of an automaton was done by constructing a resulting fuzzy automaton 
that is equivalent to the starting automaton and has smaller or equal number of states then the 
starting one. Moreover, if a reduction was done by using a fuzzy quasi-order relation which 
matrix is Q the resulting fuzzy automaton has d(Q) states. It is easy to verify that the resulting 
fuzzy automaton is isomorphic to a (Q 1 , Q r ) -transformation of the starting one. 

A state reduction of a fuzzy automaton by using arbitrary (L, R)-transformation of £/ is 
performed as follows: For an arbitrary matrix Q, which is a solution to the system (22), one has 
to find as good as possible ^-decomposition (L, R) of Q, in the sense that k has to be as small 
as possible. Afterwards, one simply build an (L, ^-transformation of s# by computing all its 
transition matrices. An (L,R)-transformation of is the resulting fuzzy automaton which is, by 
Theorem 5.1, equivalent to stf and has k number of states. Further, using (L,R) -transformations 
in a state reduction gives two big opportunities: The first one is that for a state reduction one 
can use an arbitrary matrix Q that is a solution to the system (22). The second one is that the 
state reduction by using (L, ^-transformations gives better results. Namely, even if for a state 
reduction of a fuzzy automaton a fuzzy quasi-order matrix Q is used, in case when p(Q) < d(Q) 
the resulting fuzzy automaton by (L, R)- transformations can have p(Q) < d(Q) states. 

Let <e/bea fuzzy automaton and let Q be a matrix that is a solution to the system (22). According 
to Theorem 3.3, for any k € ]p r (Q), p c (Q), p(Q)l there exists a fc-decomposition of a matrix Q, and by 
(7) we conclude that the best reduction of £/ by using (L, R)- transformations of Q can be achieved 
if (L, R) is a p(Q)-decomposition of a matrix Q. However, since, in general, finding any of ranks of 
Q is a problem, one has to find as small as possible hN such that fc-decomposition of Q exists 
and can be efficiently computed. With this purpose let 

S C (Q) = (Cc Col(A) | < C >= ^(Q)} and S r (Q) = {R c Row(A) \ < C>= <%{Q)}, (23) 

and let S™ in (Q) (resp. S™ in (Q)) be the set of all minimal elements of the set S C (Q) (resp. S r (Q)). 

Theorem 5.2. Let Q be an arbitrary matrix. Then, the following stand 

(a) For an arbitrary C € S™ m (Q), if k is a cardinality of C then p c (Q) < k < d c (Q), and there exists a 
k-decomposition ofQ. 

(b) There exists C e S™ m (Q) such that k-decomposition of Q can be efficiently computed, where k is a 
cardinality ofC. 

Proof. Let mxnbe the size of a matrix Q. 

(a) Let k be a cardinality of the set C € S^ m (Q), and let C = {c\, C2, . . . , c^}. Since C is not necessarily 
minimal spanning set for ^(Q) and C c Col(Q), we have p c (Q) < k < d c (Q). Let L be an m x k 
matrix which i th column is a column vector c,- £ C, for every ie {1, 2, . . . , k}. Since ^(L) = ^(Q), by 
Lemma 3.1. we have Q - L o R, for some matrix R. 

(b) Let us describe a simple procedure for computing C £ S^ m (Q) and a corresponding k- 
decomposition of Q, where k is a cardinality of C. 
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Algorithm 5.3 (computing C e S™ in (Q) and a corresponding k-decomposition L,RofQ). Let (Q)" =1 be a 
sequence of subsets ofCol(Q) inductively obtained as follows: 

(Al) C 0 = Col(Q). 

{AT) Assume Q is computed. If there is a column vector c e Q such that < Q \ {c} >- ^(Q), then 
Ci+i = Q \ {c}, otherwise C - Q, k - i, and a procedure is finished. 

When a sequence (Q)"^ is computed, we build anmxk matrix Lfrom C in the same way as it is described 
in (a) of this Theorem. In addition, since L o R A (L) - Q,a pair (L,R A (L)) is a k-decomposition of a matrix 

Q. 

By construction, it is obvious that C € S™ in (Q). Let us note that the procedure finishes after at 
most n - 1 basic steps, in each of which one has to test whether there exists c e Ci such that Q \ {c} 
is a spanning set for ^(Q). Therefore, for each matrix Q, one has to perform at most |Q| < n such 
checks. Testing if < Q \ {c} >= ^(Q), for an arbitrary c e Q can be done in the following way: 
Let Q = {c\, C2, . . . , Cfc. } and let L; be an m x kj matrix which column is a column vector Cj e Q, 
for every j e [1, 2, . . . , k,}. For c e Ci, by L c { denote an m x (kj - 1) matrix obtain from a matrix L, by 
deleting its column equal to c. It is easy to verify that < C, \{c) >- ^(Q) if and only 

L?oR A (L?) = Q. 

It is worth noting that our computing procedure is efficient since computing Ra(L) for arbitrary 
matrices A and L along with verifying equalities of matrices can be efficiently done. □ 

Clearly, a corresponding result regarding rows, row spaces and row ranks can be deduced 
dually. It has to be noted that number k computed by the previous procedure depends on column 
vectors chosen to be deleted from a set C ; , in each i th basic step, and therefore it does not have 
to be minimal element of the set {\C\ \ C e S^ m (Q)}. The next example illustrates that SJf m (Q) can 
contain many different elements with different cardinalities. 

Example 5.4. Let ££bea complete residuated lattice as in the Example 4.2 and let Q be a fuzzy quasi-order 
matrix 



Q = 



7 0 13 2 

0 7 0 4 1 

1 0 7 0 3 
3 4 0 7 1 

2 13 17 



For the sets Q = {Ql, Q2, Q3} and C 2 = {Q2, Q3, Q4, Q5}, it can be easily verified that C lf C 2 £ S™ in (Q). 
The number k\ = 3 is the minimal number of {|C| | C € S^ m (Q)}, since neither {Q\, Q4} nor {Q2, Q5} is a 
spanning set for ^ (Q). Let us also note that 

p(Q)<3, h = 3, ,k 2 = 4, d(Q) = 5. 
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